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THEORY OF MULTIVARIABLE BESSEL FUNCTIONS
AND ELLIPTIC MODULAR FUNCTIONS
G. DATTOLI - A.TORRE - S. LORENZUTTA
The theory of multivariable Bessel functions is exploited to establishfurther links with the elliptic functions. The starting point of the presentinvestigations is the Fourier expansion of the theta functions, which is used toderive an analogous expansion for the Jacobi functions (sn,dn,cn...) in termsof multivariable Bessel functions, which play the role of Fourier coef�cients.An important by product of the analysis is an unexpected link with the ellipticmodular functions.
1. Introduction.
The theory of generalized Bessel function (GBF) has been reviewed inRef. [6]. The importance of these functions stems from their wide use inapplication [10], [7] and from their implications in different �elds of pureand applied mathematics, ranging from the theory of generalized Hermitepolynomials [2] to the theory of elliptic functions [1], [5].As to this last point, it has been shown that [5] exponents of the Jacobifunctions exhibit expansions of the Jacobi-Anger type in which the ordinaryB.F. is replaced by an in�nite variable GBF.This paper is addressed to a further investigation on the link exixtingbetween multivariable GBF and elliptic functions. In particular we will provethat the Jacobi functions can be written in terms of a trigonometric series
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whose expansion coef�cients are in�nite variable GBF. We will also prove thatthese functions provide a natural basis for the expansion of the elliptic modularfunctions.Before entering into the speci�c details of the problem, we will review themain points of the multivariable GBF theory. The few elements we will discussin the following are both aimed at making the paper self-contained and �xingthe notation we will exploit in the following.A two variable one index GBF is speci�ed by the following generatingfunction
(1) exp
�1
2
�x1�t − 1t
�
+ x2
�t2 − 1t2
���
=
+∞�
n=−∞
t n Jn(x1, x2), 0 < |t | < ∞
or equivalently by the following series
(2) Jn(x1, x2) =
+∞�
�=−∞
Jn−2�(x1)J�(x2).
The extension to more variables is accomplished rather straightforwardly and infact
(3)
exp
� 3�
s=1
xs2
�t s − 1t s
��
=
+∞�
n=−∞
t n Jn(x1, x2, x3),
Jn(x1, x2, x3) =
+∞�
�=−∞
Jn−3�(x1, x2)J�(x3).
In a similar way we can construct GBF with 4, 5, . . . ,m variables. Therecurrence relations of a m-variable GBF can be written as
(4)
∂
∂xs Jn
�
{xs}m1
�
= 12
�Jn−s�{xs}m1 �− Jn+s�{xs}m1 ��,
2nJn�{xs}m1 � =
m�
s=1
sxs
�Jn−s�{xs}m1 �+ Jn+s�{xs}m1 ��.
The extension to in�nite variables has been shown possible, under the
assumption that the series ∞�
s=1
s|xs| be convergent ([9]). The link of many-
variable GBFs with trigonometric series is almost natural, since the following
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generalized form of the Jacobi Anger expansion holds [9]
(5) exp
�
i
∞�
s=1
xs sin(sθ)
�
=
+∞�
n=−∞
einθ Jn
�
{xs}∞1
�
.
Modi�ed forms of many variable GBF can be introduced as well using thefollowing Jacobi-Anger expansion (1)
(6) exp
� ∞�
s=1
xs cos(sϕ)
�
=
+∞�
n=−∞
einϕ In
�
{xs}∞1
�
,
which is valid under the same restriction on the {xs} as in the J -case. Function
In
�
{xs}∞1
� satis�es the recurrences
(7)
∂
∂xs In
�
{xs}∞1
�
= 12
�In−s�{xs}∞1 �+ In+s�{xs}∞1 ��,
2nIn�{xs}∞1 � =
∞�
s=1
sxs
�In−s�{xs}∞1 �− In+s�{xs}∞1 ��.
A particular type of many-variable GBF which will be largely exploited inthe following sections is de�ned below
(8) exp
� m�
s=1
x2s−1
�t2s−1 − 1t2s−1
��
=
+∞�
n=−∞
t n (0)Jn
�
{x2s−1}m1
�
,
where the superscript (0) stands for odd. In the case of m = 2 the function
(0) Jn(x1, x3) is speci�ed by the series
(9a) (0)Jn(x1, x3) =
+∞�
�=−∞
Jn−3�(x1)J�(x3)
and the extension to a larger number of variables is obvious.
(1) The In�{xs }m1 � functions are modi�ed GBF of �rst kind and play the same role as
In(x) in the one variable case.
390 G. DATTOLI - A.TORRE - S. LORENZUTTA
Analogously, one can de�ne the modi�ed version, (0) In ({x2s−1}ms=1) of
(0) Jn({x2s−1}ms=1) and then consider the relevant extensions to the in�nite-variable case denoted by (0) Jn({x2s−1}s≥1) and (0) In ({x2s−1}s≥1), respectively,for which the following Jacobi-Anger expansions hold true
(9b)
ei
∞�
s=1
x2s−1 sin[(2s−1)ϕ]
=
+∞�
n=−∞
einϕ(0) Jn({x2s−1}s≥1),
e
∞�
s=1
x2s−1 cos[(2s−1)ϕ]
=
+∞�
n=−∞
einϕ(0) In({x2s−1}s≥1),
under the assumption that the series ∞�
s=1
(2s − 1)|x2s−1| be convergent.
An interesting result, to be immediately quoted, is the possibility of ex-ploiting functions of the above type, to establish non-linear Jacobi-Anger ex-pansions, i.e. expansions relevant to the generating functions
(10) F(x , θ ; n) = e
ix(sin θ)n ,
G(x , θ ; n) = ex(cos θ)n .
In the speci�c cases of n = 3 we obtain
(11)
ex(cos θ)3 = e x4 [3 cos θ+cos(3θ)] =
+∞�
n=−∞
einθ(0) In
�3
4 x ,
x
4
�
,
eix(sin θ)3 = ei x4 [3 sin θ−sin(3θ)] =
+∞�
n=−∞
einθ(0) Jn
�3
4 x ,
x
4
�
,
After these few remarks we are able to introduce the speci�c topic of thepaper namely the link between GBFs and elliptic functions of the Jacobi-type.
2. Generalized Bessel functions and theta elliptic functions.
In a previous paper ([5]) it has been proved that the Jacobi functions sn u,dn u and cn u are linked to the in�nite variable GBF by Jacobi-Anger like
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expansion. In other words, using the Fourier expansions of the elliptic functions,for real z it can be shown that
(12)
eixsn u =
+∞�
n=−∞
einz(0) Jn
�� yqm− 12
1− q2m−1
�
m≥1
�
,
excn u =
+∞�
n=−∞
einz(0) In
�� yqm−1/2
1+ q2m−1
�
m≥1
�
,
exdn u = e π x2K
+∞�
n=−∞
e2inz In
��
ky qm1+ q2m
�
m≥1
�
,
where
(13) z = πu2K , q = exp
�
− πK �K
�
, y = 2πkK xand K and iK � are the quarter periods of the elliptic functions, speci�ed by theintegrals
(14)
K =
� π/2
0
dϕ�1− k2 sin2 ϕ ,
K � =
� π/2
0
dϕ�1− k�2 sin2 ϕ , k2 + k�2 = 1.
Expansion analogous to (12) can be derived for the theta-functions too.It is to be noted that Eqs. (12) can be viewed as trigonometric seriesassociated to the exponents of the Jacobi functions. In this paper we will derivetrigonometric series of cn u, dn u etc. whose coef�cients are provided byin�nite variable GBFs.The starting point of our analysis is the following representation of theta-functions in terms of in�nite products, namely
(15)
θ1(z) = 2q1/4 sin zG(q) ∞πn=1 (1− 2q2n cos(2z) + q4n),
θ2(z) = 2q1/4 cos zG(q) ∞πn=1 (1+ 2q2n cos(2z) + q4n),
θ3(z) = G(q) ∞πn=1(1+ 2q2n−1 cos(2z) + q4n−2),
θ4(z) = G(q) ∞πn=1(1− 2q2n−1 cos(2z) + q4n−2),�G(q) = ∞πn=1 �1− q2n�
�
.
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Taking the logarithm of the �rst of Eqs. (15) we obtain
(16) ln � θ1(z)2q1/4G(q) sin z
�
=
∞�
n=1
ln �1− 2q2n cos(2z) + q4n�.
The r.h.s. of the above equation can be cast in a more convenient form bymeans of the expansion [11]
(17) ln��1− 2x cos y + x 2�−1/2� = ∞�
m=1
xm
m cos(my)
which holds for
(18a) |x | < exp(−Imy)
or supposing |x | < 1
(18b) −Re� ln 1x
�
< Imy < Re� ln 1x
�
.
Accordingly, the nth term of the summation in Eq. (16) writes
(19) ln �1− 2q2n cos(2z) + q4n� = −2 ∞�
m=1
q2nm
m cos(2mz)
whose validity is limited to the region
−πImτ < Imz < πImτ(20)
(q = eiπτ ).
Inserting therefore Eq. (19) into Eq. (16) we end up with
(21) ln � θ1(z)2q1/4G(q) sin z
�
= −2 ∞�
n=1
q2n
n(1− q2n) cos(2nz)
which, according to Eq. (20), holds for
(22) −πImτ < Imz < πImτ.
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Using the same reasoning we are able to write
(23) ln � θ4(z)G(q)
�
= −2
∞�
n=1
qn
n(1− q2n) cos(2nz)
whose validity is limited to the region
(24) −π2 Imτ < Imz <
π
2mτ.
Finally exploiting the identities
(25) θ2(z) = θ1(z + π/2),
θ3(z) = θ4(z + π/2),
we �nd
(26)
ln � θ2(z)2q1/4G(q) cos z
�
= −2 ∞�
n=1
(−1)n
n
q2n
1− q2n cos(2nz),
ln � θ3(z)G(q)
�
= −2
∞�
n=1
(−1)n
n
qn
1− q2n cos(2nz).
According to the previous results, for z real we can express the thetafunctions (ϑi (z) = ϑi (z)τ ) in terms of in�nite variable GBF as reported below
(27)
θ1(z) = 2q1/4G(q) sin z
+∞�
n=−∞
e2inz In
��
− 2 q2mm(1− q2m)
�
m≥1
�
,
θ2(z) = 2q1/4G(q) cos z
+∞�
n=−∞
e2inz In
��2(−1)m+1q2m
m(1− q2m)
�
m≥1
�
,
θ3(z) = G(q)
+∞�
n=−∞
e2inz In
��
− 2(−q)mm(1− q2m)
�
m≥1
�
,
θ4(z) = G(q)
+∞�
n=−∞
e2inz In
��
− 2qmm(1− q2m)
�
m≥1
�
.
The above formulae provide the direct link between GBF and theta ellipticfunctions. In the next section we will show how similar expression can beobtained for sn u, cn u, dn u, . . ., Jacobi functions.
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3. Generalized Bessel function and Jacobi elliptic functions.
The principal Jacobi function sn, cn and dn, are quotient of θ thetafunctions, indeed [11]
(28) sn u = 1√k
θ1(z)
θ4(z) , cn u =
�k�
k
θ2(z)
θ4(z) , dn u =
√k� θ3(z)
θ4(z) ,
where z = πu2K .Exploiting the previous relations for the logarithm of the theta-functions,we get from Eqs. (28)
(29)
ln(sn u) = ln �2q1/4√k sin z
�
+ 2
∞�
n=1
1
n
qn
1+ qn cos(2nz),
ln(cn u) = ln �2q1/4
�k�
k cos z
�
+ 2 ∞�
n=1
1
n
qn
1+ (−q)n cos(2nz),
ln(dn u) = 12 ln(k�)+ 4
∞�
n=1
q2n−1
1− q4n−2
cos(4n − 2)z
(2n − 1)
which for real z yield
(30)
sn u = 2q1/4√k
+∞�
n=−∞
sin[(2n + 1)z]In�� 2m q
m
1+ qm
�
m≥1
�
,
cn u = 2q1/4
�k�
k
+∞�
n=−∞
cos[(2n + 1)z]In�� 2m q
m
1+ (−q)m
�
m≥1
�
,
dn u = √k�
+∞�
n=−∞
e2inz (0) In
�� 4
2m − 1
q2m−1
1− q4m−2
�
m≥1
�
.
Analogous expression relevant to the product of elliptic function can befound keeping e.g. the derivatives of both sides of Eqs. (30) with respect to u,
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thus getting
(31)
cn u dn u = πq1/4K√k
+∞�
n=−∞
(2n + 1) cos[(2n + 1)z]·
· In
�� 2
m
qm
1+ qm
�
m≥1
�
,
sn u dn u = πq1/4K
+∞�
n=−∞
(2n + 1) sin[(2n + 1)z]·
· In
�� 2
m
qm
1+ (−q)m
�
m≥1
�
,
− k2sn u cn u = iπ
√k�
K
+∞�
n=−∞
ne2inz(0) In
�� 4
2m − 1
q2m−1
1− q4m−2
�
m≥1
�
.
We can now specialize the above relations for particular values of u to getfurther interesting identities. By setting u = 0 in Eq. (30) we �nd
(32a)
1
2
� k
k�
�1/2q−1/4 = +∞�
n=−∞
In
�� 2
m
qm
1+ (−q)m
�
m≥1
�
,
1√k� =
+∞�
n=−∞
(0) In
�� 4
2m − 1
q2m−1
1− q4m−2
�
m≥1
�
.
In a similar way, u = K yields
(32b)
1
2k1/2q−1/4 =
+∞�
n=−∞
(−1)n In�� 2m q
m
1+ qm
�
m≥1
�
,
√k� =
+∞�
n=−∞
(−1)n (0) In�� 42m − 1 q
2m−1
1− q4m−2
�
m≥1
�
.
These last relations provide the basis for the link between multivariable GBFand elliptic modular functions.
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4. Concluding remarks.
In the previous sections we have analyzed the link existing between GBFand Jacobi elliptic functions. Further interesting relations will be discussedin these concluding remarks. We believe that an important by product of thealready developed analysis is the possibility of expressing the so called ellipticmodular functions (EMF) in series of GBF with in�nite variables.The EMF are usually denoted by ([11], [8])
(33)
f (τ ) = θ 42 (0|τ)
θ 43 (0|τ) = k
2,
g(τ ) = θ 44 (0|τ)
θ 43 (0|τ) = k
�2,
h(τ ) = − f (τ )g(τ ) = −
k2
k�2 = −
k2
1− k2 ,
and satisfy the properties
(34) f (τ + 2) = f (τ ), g(τ + 2) = g(τ ),f (τ )+ g(τ ) = 1, f (τ + 1) = h(τ )
which follow from the fact that
(35) k2 + k�2 = 1, q = eiπτ = eiπ(τ+2) = −eiπ(τ+1).
The link between EMF and GBF is readily obtained. The �rst of Eqs. (32a)yields indeed
(36) � kk�
�1/2
= 4
�
−h(τ ) = 2ei π4 τ ∞�
n=−∞
In
�� 2
m
eimπτ
1+ (−1)meimπτ
�
m≥1
�
,
while Eqs. (32b) provide the identities
(37)
k1/2 = 4� f (τ ) = 2ei π4 τ ∞�
n=−∞
(−1)n In�� 2m e
imπτ
1+ eimπτ
�
m≥1
�
,
k�1/2 = 4�g(τ ) = ∞�
n=−∞
(−1)n (0) In�� 42m − 1 e
(2m−1)iπτ
1− e2(2m−1)iπτ
�
m≥1
�
.
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By keeping the fourth power of both sides of Eqs. (36) and (37) and byusing the Jacobi-Anger expansion for the GBF we get
(38)
h(τ ) = −16eiπτ ∞�
n=−∞
In
�� 8
m
eimπτ
1+ (−1)meimπτ
�
m≥1
�
,
f (τ ) = 16eiπτ ∞�
n=−∞
(−1)n In�� 8m e
imπτ
1+ eimπτ
�
m≥1
�
,
g(τ ) =
∞�
n=−∞
(−1)n(0) In�� 162m − 1 e
(2m−1)iπτ
1− e2(2m−1)iπτ
�
m≥1
�
.
It is worth noting that the properties of the EMF can be directly inferredfrom the above series de�nition, in fact
f (τ + 1) = 16eiπ(τ+1) ∞�
n=−∞
(−1)n In�� 8m e
imπ(τ+1)
1+ eimπ(τ+1)
�
m≥1
�(39a)
= −16eiπτ ∞�
n=−∞
(−1)n In�� 8m (−1)
meimπτ
1+ (−1)meimπτ
�
m≥1
�
and since
(39b) In��(−1)sxs�s≥1� = (−1)n In�{xs}s≥1�
we end up with
(39c) f (τ + 1) = −16eiπτ
∞�
n=−∞
In
�� 8
m
eimπτ
1+ (−1)meimπτ
�
m≥1
�
namely, the last of Eqs. (34).By noting that, the last of eqs. (32a) yields
(40) 1√k� =
+∞�
n=−∞
(0)In
�� 4
2m − 1
e(2m−1)iπτ
1− e(4m−2)iπτ
�
m≥1
�
it appears convenient to introduce the further EMF
(41) l(τ ) = +∞�
n=−∞
(0) In
�� 16
2m − 1
e(2m−1)iπτ
1− e(4m−2)iπτ
�
m≥1
�
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and note that
(42) l(τ + 1) = g(τ ).
Furthermore, from the Jacobi-Anger expansion of multivariable GBF italso follows that
(43) h(τ ) = −16eiπτ exp�4 ∞�
m=1
2
m
eimπτ
1+ (−1)meimπτ
�
and similarly for the other functions.A more general treatment regarding EMF and GBF will be presentedelsewhere. Before closing this paper it is worth giving further identities, whichalbeit an almost direct consequence of the considerations developed in theprevious sections, provide a deeper insight into the link between GBF andelliptic functions.By integrating both sides of Eqs. (30) we obtain
(44)
(0) In
�� 4
2m − 1
q2m−1
1− q4m−2
�
m≥1
�
= 12K√k�
� 2K
0
dn(u, k)e−i πunK du,
In
�� 2
m
qm
1+ (−1)mqm
�
m≥1
�
= 12q−1/4
1
2K
� k
k�
�1/2·
·
� 4K
0
cn(u, k) cos[(2n + 1) πu2K ] du.
Analogous relations involving the theta functions can also be obtained, thusgetting e.g.
(45)
In�{(−1)mq˜m}m≥1� = 12πG(q)
� +π
−π
θ3(z)e−2inz dz,
In�{q˜m}m≥1� = 1
πG(q)
� +π
0
θ4(z) cos(2nz) dz,
�q˜m = − 2qmm(1− q2m)
�
.
This paper is a further contribution to the theory of GBF and to theirlink with elliptic functions. All the possible implications are far from beingcompletely understood, a forthcoming note will be devoted to a deeper insight.
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